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MAgPIE (Model of Agricultural Production and its Impact on the En-
vironment) is a nonlinear recursive dynamic optimization model that links
regional economic information with grid-based biophysical constraints simu-
lated by the dynamic vegetation model LPJmL. A simulation run with the
simulation period T can be described as a set

X = {xt | t ∈ T} ⊆ Ω (1)

of solutions of a time depending minimization problem, i.e. for every
timestep t ∈ T the following constraint is fulfilled

∀y ∈ Ω : gt(xt) ≤ gt(y), (2)

where the goal function for t ∈ T

gt(xt) = g(t, xt, x(t−1), ..., x1, Pt) (3)

depends on the solutions of the previous time steps x(t−1), ..., x1 and a
set of time depending parameters Pt. We may interprete a MAgPIE simula-
tion run X = {xt | t ∈ T} ⊆ Ω as an element of the vector space ΩT = Ω×T .
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1 Sets

The dimension of the domain Ω, on which for each timestep the minimization
problem is defined, and of ΩT depends on the following sets:

• T = {time steps t}: Simulation time steps, where t denotes the current
time step, t− 1 the previous time step and so on. The first simulated
time step is t = 1.

• I = {import world regions i}: Economic world regions in MAgPIE.

• E = {export world regions e}: Economic world regions in MAgPIE.

• J = {spatial cells j} : Highest disaggregation level in MAgPIE.

• K = {simulated products k} : Union of vegetal products V and live-
stock products L (K = V ∪ L).

• L = {simulated livestock products l}: Products simulated within the
livestock sector of MAgPIE.

• V = {vegetal products v}: Products simulated within the crop sector
of MAgPIE.

• W = {water supply types w}: Currently two types are implemented:
rainfed ’rf’ and irrigation ’ir’

• C = {crop rotation groups c}: Groups of crops, which produce similar
effects in terms of crop rotation.

To highlight the substance of our model equations with regard to the
agricultural and economic contents, we split our variable xt into

xt =
(
xareat ∈ Ωarea, xprodt ∈ Ωprod, xtct ∈ Ωtc

)
∈ Ω, (4)

where the respective domains can be identified as the following vector
spaces
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Ωarea = R|J | × R|V | × R|W | (5)

Ωprod = R|J | × R|L| (6)

Ωtc = R|I| (7)

As a result, we may specify the dimension of the solution space for each
timestep as dimΩ = |J | · |V | · |W | + |J | · |L| + |I| and the dimension of
ΩT = Ω× T as dimΩT = |T | · dimΩ = |T | · (|J | · |V | · |W |+ |J | · |L|+ |I|).

In the following, variables and parameters are provided with subscripts
to indicate the dimension of the respective subdomains. Subscripts written
in quotes are single elements of a set. The order of subscripts in the variable,
parameter and function definitions does not change. The names of variables
and parameters are written as superscript.

2 Variables

Since MAgPIE is a recursive dynamic optimization model, all variables refer
to a certain time step t ∈ T . In each optimization step, only the variables
belonging to the current time step are free variables. For all previous time
steps, values were fixed in earlier optimization steps. As we have seen above,
we currently distinguish three variables xareat ∈ Ωarea, xprodt ∈ Ωprod and
xtct ∈ Ωtc that can be described as follows:

• xareat,j,v,w : The total area of each vegetal production activity v for each
water supply type w, each cell j and each time step t [ha]

• xprodt,j,l : The total production of each livestock product l, for each cell j
at each time step t [ton dry matter]

• xtct,i: The amount of yield growth triggered by investments in R&D [1]

• xtradet,i,e,k: The amount of vegetable and livestock products traded from
export region e to import region i [ton dry matter]
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3 Parameters

Besides variables, the model is fed with a set of parameters Pt. These param-
eters are computed exogenously and are in contrast to variables of previous
time steps fully independent of any simulation output. Although most pa-
rameters are time independent, there exist also some parameters which are
time dependent.

• pyieldt,j,v,w: Yield potentials for each time step, each cell, each crop and
each water supply type taking only natural variations into account and
excluding changes due to technological change [ton/ha]

• pdemt,i,k : Regional food and material demand in each time step for each
product [106 ton]

• pfshri,l,k : Feed share describing the share of each product k of total feed
production for livestock product l and corresponding transformation
from GJ feed in ton dry matter [ton/GJ]

• pfeedi,l : Feed requirements for each livestock product l in each region i
[GJ/ton]

• pbyprodi,k,l : Feed energy delivered by the byproducts of k that are avaiable
as feedstock for the livestock product l [GJ/ton]

• pfrvi,v : Area related factor requirements for each crop and each region
based on the technological development situation in the initial time
step [US$/ha]

• pfrli,l : Production related factor requirements for livestock products for
each livestock type and each region [US$/ton]

• plcci : Area related land conversion costs for each region [US$/ha]

• ptcc: Technological change costs factor containing an interest correction,
an expected lifetime factor and a general cost factor [US$/ha]

• pτ1i,v: τ -Factor representing the agricultural land use intensity in the
first simulation time step for each crop in each region [1]

• pcxp: Correlation Exponent between τ -Factor and technological change
costs [1]
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• pseedi,v : Share of production that is used as seed for the next period
calculated for each crop in each region [1]

• pxst,i,k: Regional excess supply for each product and each time step de-
scribing the amount produced for export [106 ton]

• psfi,k: Regional self sufficiencies for each product [1]

• ptb: Trade balance reduction factor. This factor is always less or equal
1 and is used to relax the trade balance constraints depending on the
particular trade scenario.

• plandj : Total amount of land available for crop production in each cell
[106 ha]

• pir.landj : Total amount of land equipped for irrigation in each cell [106

ha]

• pwatreqj,k : Cellular water requirements for each product [m3/ton/a]

• pwaterj : Amount of water available for production in each cell [m3/ton/a]

• prmaxc : Maximum share of crop groups in relation to total agricultural
area [1]

• prminc : Minimum share of crop groups in relation to total agricultural
area [1]

• ptranspt,e,i,k : Bilateral transport costs for each vegetal and livestock product
[US$/ton]

• ptaxt,e,i,k: Bilateral trade barriers for each vegetal and livestock product
[US$/ton]

[all ton units in dry matter]

4 Sub-functions

To lighten the general model structure, some model components which ap-
pear more than once in the model description and depend on the variables
of the current time step t are arranged as functions:
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f growtht,i (xt) =
t∏

τ=1

(1 + xtcτ,i) (8)

fprodt,i,k (xt) =
∑
ji

{
xprodt,j,k : k ∈ L∑

w x
area
t,j,k,wp

yield
t,j,k,wf

growth
t,i (xt) : k ∈ V

(9)

fdemt,i,k (xt) = pdemt,i,k +
∑
l

pfshri,l,k

(
pfeedi,l fprodt,i,l (xt)−

∑
κ

pbyprodi,κ,l fprodt,i,κ (xt)

)
. (10)

• f growtht,i : Growth function describing the aggregated yield amplification
due to technological change compared to the level in the starting year
for each year t and region i.

• fprodt,i,k : Function representing the total regional production of a product
k in region i at timestep t. In the case of vegetal products, it is derived
by multiplying the current yield level with the total area used to pro-
duce this product. In the case of livestock products, it is represented
by the related production variable.

• fdemt,i,k : Function defining the demand for product k in region i at timestep

t. It consists of an exogenous demand for food and materials pdemt,i,k and
an endogenous demand for feed, which is calculated as the feed demand
generated by the livestock production minus the feed supply gained
through byproducts.

5 Goal function

gt(xt) = g(t, xt, x(t−1), ..., x1, Pt) (11)

The goal function describes the value that is minimized in our recursive
dynamic optimization model structure in each timestep. It is time dependent,
i.e it differs for each time step, depending on the solutions of the previous
time steps. We define the goal function as follows:
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gt(xt) =
∑
i,v

(
pfrvi,v f

growth
t,i (xt)

∑
ji,w

xareat,j,v,w

)
(12)

+
∑
i,l

(
pfrli,l f

prod
t,i,l (xt)

)
+
∑
i

(
plcci

∑
ji,v,w

(
xareat,j,v,w − xareat−1,j,v,w

))

+ptcc
∑
i

xtct,i
(

1

|V |
∑
v

pτ1i,vf
growth
t,i (xt)

)pcxp ∑
ji,v,w

xareat−1,j,v,w


+
∑
e,i,k

(
xtradet,e,i,kp

transp
t,e,i,k p

tax
t,e,i,k

)
(13)

The function describes the total costs of agricultural production. The
total costs can be splitted in five terms: 1. The area depending factor costs
of vegetal production, which increase with the yield gain due to technological
development. 2. The factor costs of livestock production depending on the
production output. 3. The land conversion costs which arise, when non-
agricultural land is cleared and prepared for agricultural production. 4. The
costs, which arise by investing in technological development to increase yields
by new inventions and improvements in management strategies. The tech-
nological change costs are proportional to the total cropland area of a region
and increase disproportionate with the yield growth bought in the current
timestep and the agricultural land-use intensity. 5. The costs, which arise
throught transport and trade barriers when agricultural goods are traded.

6 Constraints

Constraints are used to describe the boundary conditions, under which the
goal function is minimized.
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6.1 Regional import and export constraints (for each
activity k)

∑
e

xtradet,e,i,k

1 + pseedi,k

≥ fdemt,i,k (xt) (14)

The import constraint requires that regional imports and the production
not exported (adjusted by the seed share required for the next production
iteration) of all agricultural products are greater or equal than the regional
demand.

∑
i

xtradet,e,i,k ≤
fprodt,i,k (xt)

1 + pseedi,k

(15)

The export constraint guarantees that regional exports and self-sufficiency
production do not exceed regional production of each agricultural product
(also adjusted by the seed-share).

6.2 Land constraint (for each cell j)∑
v,w

xareat,j,v,w ≤ plandj (16)∑
v

xareat,j,v,′ir′ ≤ pir.landj (17)

The land constraints guarantee, that no more land is used for production
than available. The first set of land constraints ensures the land availability
for agricultural production in general. The second one secures, that irrigated
crop production is restricted to areas that are equipped for irrigation.

6.3 Water constraints (for each cell j)∑
v

xareat,j,v,′ir′p
yield
t,j,v,′ir′f

growth
t,i(j) (xt)p

watreq
j,v +

∑
l

xprodt,j,l p
watreq
j,l ≤ pwaterj (18)

In MAgPIE, the production of animal commodities as well as vegetal
goods produced with irrigation requires water. The required amount of water
is proportional to the production volumne. The whole cellular water demand
must be less or equal to the water available for production in this cell.
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6.4 Rotational constraints (for each crop rotation group
c, cell j and irrigation type w)

∑
vc

xareat,j,v,w ≤ prmaxc

∑
v

xareat,j,v,w (19)∑
vc

xareat,j,v,w ≥ prminc

∑
v

xareat,j,v,w (20)

The rotational constraints are used to describe crop rotations, but also
other aspects such as cultural preferences or efforts of autonome food pro-
duction systems. This is achieved by defining for each vegetal product a
maximum and minimum share relative to total area under production in
a cell. While crop rotation structures are exclusively described with the
maximum share constraints, cultural preferences and autonomy efforts are
basically described with the minimum constraints.
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